We prove that the Seshadri constant of a polarized abelian variety is equal to the Seshadri constant of its abelian subvariety if the Seshadri constant is relatively small with respect to its degree, or it contains an abelian divisor which has sufficiently small degree. As an application of these results, we show that the Seshadri constant of a polarized abelian surface is computed by the unique Seshadri curve if the Seshadri constant is small enough. As another application, we compute the Seshadri constants of some non-simple polarized abelian threefolds which contain principally polarized abelian surfaces.
Introduction
Let X be a projective variety of dimension n over C, the field of complex numbers. For an ample line bundle L on X and a point x ∈ X, Demaily introduced an invariant called the Seshadri constant in [Dem92] , which measures the local positivity of L at x. We denote it by ε(X, L; x). It is closely related to various geometric notions such as separation of jets, the very ampleness of adjoint bundles, and the symplectic packing problem. We recommend [Laz04, Chapter 5] for details. See Section 2 for the precise definition and notation used in this paper. For a polarized abelian variety (A, L), the Seshadri constant ε(A, L; x) does not depend on the choice of a point x ∈ A, and hence we denote it by ε(A, L). An important problem is to understand how ε(A, L) reflects the global structure of (A, L). For example, it is known that there exists close relationship between the Seshadri constants and minimal period lengths (also called Bauer-Sarnak invariant) of polarized complex tori. For details, see [Laz96] , [Bau98] or [Laz04, Chapter 5] . Aside from this, Nakamaye [Nak96] proves the very interesting result from another view point. to (E, L 1 ) × (B, L 2 ), where L 1 is a line bundle of degree 1 on an elliptic curve E and (B, L 2 ) is a polarized abelian variety of dimension n − 1.
In the same paper, Nakamaye proves the following Lemma 1.2 and use it to show that ε(A) := inf{ε(A, L) | L is an ample line bundle on A} > 1 (1.1) for a simple abelian variety A.
Lemma 1.2 (=[Nak96, Lemma 3.3]). Let (A, L) be a polarized abelian variety of dimension n. Let C be an irreducible reduced curve on A which contains the identity 0 ∈ A. Assume the following inequality ε C,0 (L) < n √ L n n .
(1.2)
Then C is a degenerate curve. Namely, C is contained in a proper abelian subvariety of A.
In view of Lemma 1.2, it is natural to ask if there exists a proper abelian subvariety B which computes the Seshadri constant (i.e., ε(A, L) = ε(B, L| B )) or not under the assumption of Lemma 1.2. In general there exist infinitely many abelian subvarieties of a fixed abelian variety. Hence, for a sequence of curves {0 ∈ C n } n such that {ε Cn,0 (L)} n converges to ε(A, L), it is not clear if we can take a subsequence such that all C n are contained in the same proper abelian subvariety of A. Our first result gives an affirmative answer to this question.
Then there exists a proper abelian subvariety B of A such that ε(A, L) = ε(B, L| B ).
We prove Theorem 1.3 by combining Lemma 1.2 and some finiteness theorems for abelian varieties. Applying Theorem 1.3 repeatedly, we obtain the following corollary. 
On the other hand, we obtain another result about reduction of computing the Seshadri constant to that of its abelian subvariety satisfying some conditions. This result is independent of Lemma 1.2.
Theorem 1.5. Let (A, L) be a polarized abelian variety of dimension n. Fix a positive real number a. Let D be an abelian divisor in A satisfying the following inequality
If ε(X, L) < a n √ L n /n holds, then ε(X, L) = ε(D, L| D ) .
In particular, combining this with the well-known upper bound (2.4), we obtain the following corollary of Theorem 1.5 by taking a > n to be sufficiently close to n.
Corollary 1.6. Let (A, L) be a polarized abelian variety of dimension n. If there is an abelian divisor D satisfying n √ L n > n−1 n(L| D ) n−1 , (1.6) then ε(X, L) = ε(D, L| D ) .
We prove Theorem 1.3 and Theorem 1.5 in Section 3. We discuss various applications of Theorem 1.3 and Theorem 1.5 in Section 4. We first show that the proof of Theorem 1.5 induces the interesting relationship between the set of submaximal curves and the set of abelian divisors satisfying (1.5) (see Proposition 3.7 and (4.3) for details). For abelian surfaces, we obtain the following theorem.
Theorem 1.7 (= Proposition 4.1). Let (S, L) be a polarized abelian surface. Assume that
(1.7)
Then there exists exactly one submaximal curve with respect to L and it is an elliptic curve. In particular, the curve is the unique Seshadri curve with respect to L.
If √ L 2 is irrational, it is already known that there are only a finite number of submaximal curves (see Remark 4.2). However, Proposition 4.1 implies that the submaximal curve is unique under the assumption (1.7). Theorem 1.3 and Theorem 1.5 mentioned above mean that the computation of the Seshadri constants of an abelian variety can be reduced to that of its abelian subvariety in some cases. On the other hand, there exists many results which compute the Seshadri constants on concrete low-dimensional abelian varieties. [Ste98] and [Kon03] (respectively, [BS01] and [Deb04] ) handle the case of the Theta divisors on Jacobian varieties of curves (resp. Principally polarized abelian varieties). The Seshadri constants of abelian surfaces have been studied in further detail. For example, it is known that the Seshadri constants of abelian surfaces are rational (for more results, see Appendix of [Bau98] , [BS08] , [BGS18] , etc). In the latter part of Section 4, keeping these previous works in mind, we give some applications of our theorems. In particular, we show the following theorem. (1.8)
Then ε(A, L) = 1 or 4/3. Moreover, if L 3 ≤ 60, we obtain ε(A, L) = 1. In particular, A is isomorphic to a product of an elliptic curve and an abelian surface.
In fact, this Theorem 1.8 can be proven directly from Lemma 1.2 ( = [Nak96, Theorem 1.1]) and Lemma 4.7 ( = [Bau98, Theorem A.1.(b)]). However, we give a simpler proof by using Theorem 1.3 and Theorem 1.5.
Note that the assumption L 3 ≤ 60 is optimal for ε(A, L) = 1. In fact, for any n ∈ 6Z satisfying n > 60, we can construct examples of (A, L) satisfying ε(A, L) < 3 √ L 3 /3, L 3 = n, and ε(A, L) = 1 (see Example 4.11 for this).
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Notation and conventions. The ground field is C. A polarized abelian variety is a pair (A, L) of an abelian variety A (i.e., smooth projective group scheme over C) and an ample line bundle L on A. The identity of A is denoted by 0 ∈ A. A closed subvariety B ⊂ A is an abelian subvariety of A if B is a group subscheme of A by the inclusion. An abelian subvariety of A of codimension one is called an abelian divisor of A. A curve is a projective and integral scheme over C of dimension one. We say a curve in A generates an abelian subvariety B if B is the minimal abelian subvariety containing the curve. 
Preliminary
In this section, we recall some fundamental definitions and facts about the Seshadri constants. We recommend [Laz04, Chapter 5] and [BDRH + 09] for more details and overview of the Seshadri constants.
Let L be an ample line bundle on a smooth projective variety X of dimension n. For a point x ∈ X and a curve C passing through x, we write
where mult x C is the multiplicity of C at x.
Definition 2.1. The Seshadri constant of L at x is defined by
where the infimum is taken over all curves passing through x.
Note that the definition immediately implies that ε(X, L; x) is determined by the numerical class of L.
There is another equivalent definition of the Seshadri constant. Let µ be a blow-up of X at a point x and E be the exceptional divisor. Then
This gives the well-known upper bound
Definition 2.3. We say that a curve C is a Seshadri curve at x with respect to L if ε C,x (L) = ε(X, L; x).
Remark 2.4. In general Seshadri curves do not always exists. However, it is known that if X is a surface and ε(X, L; x) < √ L 2 , then there exists a Seshadri curve at x with respect to L.
If (A, L) is a polarized abelian variety, the Seshadri constant ε(A, L; x) does not depend on the choice of a point x ∈ A, and hence we denote it by ε(A, L). We write ε C,0 (L) simply by ε C (L). Moreover, we say that a curve C is submaximal (respectively, a Seshadri curve) with respect to L if C is submaximal (resp. a Seshadri curve) at 0 ∈ A with respect to L.
Proof of the theorems
In this section, we prove Theorem 1.3 and Theorem 1.5.
3.1. Proof of Theorem 1.3. The key ingredient of the proof is Corollary 3.3, which asserts the existence of the minimal element in the set of the Seshadri constants of polarized abelian subvarieties of (A, L) with bounded degree. We begin with some preparation.
Definition 3.1. Let A be an abelian variety of dimension n. We define the following sets of polarized abelian varieties.
(1) For a natural number k such that 1 ≤ k ≤ n and a real number r,
, the Neron-Severi group of B 1 . This is obviously an equivalence relation.
(2) For a fixed abelian variety B of dimension k,
Consider the following map
and the natural map
Note that ε is well-defined since the Seshadri constant is determined by the numerical class of the line bundle. Then we define the following sets.
Lemma 3.2. S k,r is a finite set for any 1 ≤ k ≤ n and r.
Proof. Assume S k,r = ∅. By [LOZ96, Theorem] , there exist only finitely many isomorphism classes of abelian subvarieties of dimension k in A. Let B 1 , B 2 . . . , B t be representatives. Then we obtain the following injection
Hence it is sufficient to show that S B,r is a finite set for a fixed k-dimensional abelian variety B. However, this follows from the geometric finiteness theorem (for example, [Mil86, Theorem 18.1.]), which says that there exist only finitely many classes of ample line bundles of degree d in NS(A) up to the action of the group of automorphisms of A for any integer d.
Corollary 3.3. E k,r is a finite set for any 1 ≤ k ≤ n and r. Moreover, for an ample line bundle L on A, E L k,r is a finite set. In particular, min(E L k,r ) exists (we define min(E L k,r ) = ∞ if E L k,r is empty). Proof. This is a direct consequence of Lemma 3.2. Now we are ready to prove Theorem 1.3.
5
Proof of Theorem 1.3. Let k be the maximal dimension of the proper abelian subvarieties of A. Note that 1 ≤ k < n by Lemma 1.2. For each natural number 1 ≤ i ≤ k, we write
(3.9) Let a k+1 := n √ L n n .
(3.10)
For each 1 ≤ i ≤ k, starting with i = k, we define a i inductively as a i :
. Obviously, the definition of a i implies
(3.11)
Now for the proof of the theorem, consider the following conditions for each i.
(1 i ) ε(A, L) < a i , and if a curve C satisfies ε(A, L) ≤ ε C (L) < a i , then C generates an abelian subvariety of dimension at most (i − 1).
Note that our assumption (1.3) and Lemma 1.2 imply (1 k+1 ). To prove the theorem, it is sufficient to show that there exists some i, for which the condition (2 i ) holds. However, this follows from the following Claim 3.4.
Claim 3.4. Under the above notation, (1 i ) implies either (1 i−1 ) or (2 i−1 ) for any 2 ≤ i ≤ k + 1.
Proof of the Claim. Assume that (1 i ) holds. Note that it follows that ε(A, L) ≤ min(E L i−1,r i−1 ) by the definition of the Seshadri constant. The equality implies the condition (2 i−1 ), so let us assume that the inequality is strict. In this case there exists a curve C satisfying ε(A, L) ≤ ε C (L) < a i−1 .
(3.12)
If all the curves satisfying (3.12) generates abelian subvarieties of dimension at most i − 2, then this implies (1 i−1 ), so that the proof is done. Note that we already know that dim B ≤ i − 1 by (1 i ). Hence, for the contradiction, suppose that there exists a curve C which satisfies (3.12) and generates an abelian subvariety B of dimension i − 1. First assume that
In this case, we obtain that
where the first inequality follows from (3.11). Then Lemma 1.2 implies that C is a degenerate curve in B. However, this contradicts that C generates B.
Hence, let us assume that However, this contradicts our assumption ε C (L) < a i−1 ≤ min(E L i−1,r i−1 ). Hence C can not generate i − 1 dimensional abelian subvariety and this concludes the proof.
3.2. Proof of Theorem 1.5. In this subsection, we give the proof of Theorem 1.5. First, we define the nef threshold of a divisor D on an n-dimensional polarized abelian variety (A, L) as
(3.17)
The following lemma is crucial for the proof of Theorem 1.5. 
Then the straightforward computation implies the assertion.
Remark 3.6. We can also prove this lemma by applying the methods of Okounkov body. For this, we mimic the argument for abelian threefolds in the proof of [Loz18, Corollary 4.12]. We refer to [LM09] for standard definitions and notation for Okounkov body. Note first that σ(L, D) = sup{t ∈ R | L − tD is effective}, since A is an abelian variety, and hence Nef(A) = Psef(A). Let Y • be an admissible flag on A with Y 1 = D i.e., 
The first equality is given by [LM09, Section 2.4], and the second equality follows from the ampleness of (L − tD) and the Serre vanishing. Hence the right side of (3.20) is σ(L, D)(L| D ) n−1 /(n − 1)! and this implies Lemma 3.5.
Now we obtain Theorem 1.5 from the following proposition and the definition of the Seshadri constant (2.2).
Proposition 3.7. Let D be an abelian divisor in A. Suppose that n √ L n > (respectively, ≥) n−1 a(L| D ) n−1 (3.25) 7 for a positive real number a. Then any curve C satisfying the inequality ε C (L) ≤ (resp. <) a n √ L n n (3.26)
is contained in D.
Proof. By Lemma 3.5 and the assumption (3.25), we obtain the following inequality σ(L, D) > (resp. ≥) a n √ L n n .
(3.27)
This implies that L − (a n √ L n ) n D is ample (resp. nef). Hence we obtain L.C > (resp. ≥) a n √ L n (D.C) n .
(3.28)
Then, by the assumption (3.26) and (3.28), we obtain
Now for a contradiction, we assume that C is not contained in D. Then we obtain D.C ≥ mult 0 (C) mult 0 (D) = mult 0 (C), (3.31) a contradiction.
Applications
In this section, we give some applications of our theorems and prove Theorem 1.8. First, we show some results about the set of submaximal curves by applying Proposition 3.7.
Let (A, L) be a polarized abelian variety of dimension n. For any a ∈ R >0 , we denote the set of all curves satisfying ε C (L) < a n √ L n n (4.1)
by C a . Note that C n is the set of all submaximal curves with respect to L. Moreover, we define D a := {D ⊂ A | D is an abelian divisor and satisfying the following (4.2)}.
Then, by Proposition 3.7, it follows that Then there exists exactly one submaximal curve with respect to L and it is elliptic. In particular, the curve is the unique Seshadri curve with respect to L.
Proof. By the definition of the Seshadri constant, there exists a curve C satisfying
(4.5)
Then Lemma 1.2 implies that C is an elliptic curve, and hence
This implies that C ∈ D 2 , and hence any submaximal curves is contained in C by (4.3). Proposition 4.3. Let (A, L) be a polarized abelian threefold. For any a ∈ R >0 , if there exist at least two abelian divisors in D a , then there is exactly one curve in C a and it is elliptic. Moreover, if one can take a to be 3, there is the unique submaximal curve with respect to L, and it is elliptic. In particular, the curve is the unique Seshadri curve with respect to L.
Proof. Let D 1 and D 2 be different abelian divisors in D a . Then D 1 ∩ D 2 with induced reduced structure is a reduced algebraic group of dimension one. Hence the connected component containing the identity is an elliptic curve. Therefore we obtain the assertion since any curve in C a is contained in the connected component of D 1 ∩ D 2 which contains the identity by (4.3).
The Seshadri constants of the Theta divisors on low dimensional Jacobian varieties and principally polarized abelian varieties are computed in [Ste98] , [Kon03] , [BS01] and [Deb04] . By applying Corollary 1.6, we can compute the Seshadri constants of abelian varieties containing these varieties as abelian divisors. More precisely, we obtain the following Proposition 4.4 and Proposition 4.5. Note that, for any line bundle L on an n-dimensional abelian variety, the Riemann-Roch theorem implies that L n ∈ 6Z (for example, see [Mum08, Section 16]). Proof. Since (S, L| S ) is principally polarized, we obtain
(4.8)
Then it follows that ε(A, L) = ε(S, L| S ) by Corollary 1.6. However, it is known that principally polarized abelian surface (S, L| S ) is isomorphic to the Jacobian variety of a genus two curve with the Theta divisor or product of two elliptic curves with the product of line bundles of degree one. In the first case, we have ε(S, L| S ) = 4/3 by [Ste98, Proposition 2]. In the other case, it follows that ε(S, L| S ) = 1 by Theorem 1.1. where ε 0 is the minimal degree of the elliptic curves in S with respect to L.
Then Theorem 1.3, Theorem 1.5 and Lemma 4.7 imply the following theorem. Proof of Theorem 4.8. First, we prove (2). By Theorem 1.3, we may assume that there exists an abelian surface S ′ such that
(4.14)
Hence, applying Lemma 4.7, ε(A, L) is the minimal degree of the elliptic curves in S ′ with respect to L.
On the other hand, the assumption of (1) implies
Then we conclude the proof by Theorem 1.5. In Corollary 4.9, the assumption L 3 ≤ 60 is essential for ε(A, L) to be one. In the following example, for any k ≥ 11, we construct polarized abelian threefolds whose Seshadri constant is not equal to one with L 3 = 6k or ε(A, L) > 3 √ L 3 /3. Hence, if 2 ≤ k ≤ 10, we obtain ε(A, L k ) = 4/3 and ε(A, L k ) > 3 L 3 k /3. Moreover, if 11 ≤ k, we obtain ε(A, L k ) = 4/3 and L 3 > 60.
